Abstract-Assuming the validity of the MDS Conjecture, the weight distribution of all MDS codes is known. Using a recently-established characterization of asymmetric quantum error-correcting codes, linear MDS codes can be used to construct asymmetric quantum MDS codes with dz ≥ dx ≥ 2 for all possible values of length n for which linear MDS codes over Fq are known to exist.
I. INTRODUCTION
In this work, the term quantum codes is used to refer to quantum error-correcting codes.
Experiments tell us (see [3] and [9] ) that, in many quantum mechanical systems, the phase-flip errors happen more frequently than the bit-flip errors or the combined bit-phase flip errors. There is then a need to design quantum codes that take advantage of this observed asymmetry. We call such codes asymmetric quantum codes. Some earlier works in this direction can be found in [1, Chs. 17 and 18], and [13] .
More recently, a mathematical characterization and some constructions of asymmetric quantum codes are given in [14] . The results are extended to include constructions from (classical) additive codes over fields of size q = p 2r with p a prime in [5] .
In the classical coding theory set up, the maximum distance separable or MDS codes are among the most studied type of codes due to their many fascinating properties and connections to other mathematical structures. Standard textbooks in coding theory such as [8] and [10] contain further details.
Given a code C, knowing the set of Hamming weights of the codewords of C can be useful. In connection to quantum codes, the knowledge on the weights of MDS codes is crucial in the construction of quantum (symmetric) MDS codes done in [12] .
A complete discussion on the weights of MDS codes that contains some corrections to [10, Ch. 11, §3] and supplies an explicit proof for [10, Th. 9 in Ch. 11, §5] can be found in [4] .
Armed with these recent developments, we construct asymmetric quantum MDS codes. The material is organized as follows.
Section II collects the necessary definitions and notations. Section III gives a summary of important recent developments. In Section IV, we treat the case d x = 2. For d x ≥ 3 and n ≤ q with q ≥ 5, a construction based on Generalized ReedSolomon Codes is detailed in Section V. The case of length n = q + 1 is discussed in details in Section VI. If q = 2 m ≥ 4, it is possible to construct asymmetric quantum MDS codes with d z = d x = 4. A construction is given in Section VII.
An explicit list of codes Q over F 7 and F 8 is given in Table I in Section VIII to illustrate the results. Except for some open cases for n = q + 1, we exhibit how to obtain q-ary asymmetric quantum MDS codes with all theoretically obtainable parameters for all lengths for which linear MDS codes over F q are known to exist. We provide a detailed summary of results and open problems in Section IX.
II. PRELIMINARIES

A. Coding Theory
Let p be a prime and q = p f for some positive integer f . An [n, k, d] q -linear code C of length n, dimension k, and minimum distance d is a subspace of dimension k of the vector space F n q over the finite field F q with q elements. For a general, not necessarily linear, code C, the notation (n, M = |C|, d) q is commonly used.
The Hamming weight wt H (v) of a codeword v ∈ C is the number of its nonzero entries. Given two elements u, v ∈ C, the number of positions where their respective entries disagree, written as dist H (u, v), is called the Hamming distance of u and v. For any code C, the minimum distance
If C is a linear code, then the Singleton bound states that d ≤ n − k + 1, and C is MDS if it satisfies the equality in this bound. Trivial families of linear MDS codes are the full vector space [n, n, 1] q , codes equivalent to the repetition codes [n, 1, n] q of any length, and their duals [n, n − 1, 2] q . MDS codes other than these are said to be nontrivial.
Conjecture 2.1: (MDS Conjecture) If there is a nontrivial [n, k, d] q MDS code, then n ≤ q + 1, except when q is even and k = 3 or k = q − 1 in which case n ≤ q + 2.
We follow the language of [11] in defining the following four families of codes according to their duality types.
Definition 2.2: Let q be a power of an arbitrary prime p. Let n be a positive integer and u = (u 1 , . . . , u n ), v = (v 1 , . . . , v n ) ∈ F n q . Except for the first family below, we require that q = r 2 be an even power of an arbitrary prime p.
1) q E is the family of F q -linear codes of length n with the Euclidean inner product
2) q H is the family of F q -linear codes of length n with the Hermitian inner product
3) q H + (even) is the family of F r -linear codes over F q of length n where r 2 = q is even. The duality is defined according to the trace Hermitian inner product
is the family of F r -linear codes over F q of length n where r 2 = q is odd. The duality is defined according to the following inner product, which we will still call trace Hermitian inner product,
where α ∈ F q \ {0} with α r = −α.
Definition 2.3:
A code C of length n is said to be an additive code if C belongs to either the family q H + (even) or to the family q H + (odd).
Let C be a code. Under a chosen inner product * , the dual code C ⊥ * of C is given by
A family of codes is closed if (C ⊥ * ) ⊥ * = C for each C in that family. It has been established in [11, Ch. 3] that the four families of codes in Definition 2.2 are closed.
Definition 2.4:
The weight enumerator
where A i is the number of codewords of weight i in the code C.
The weight enumerator of the Euclidean dual code C ⊥ E of an [n, k, d] q -code C is connected to the weight enumerator of the code C via the MacWilliams Equation 
B. Asymmetric Quantum Codes
To keep the exposition brief, the reader is assumed to be familiar with the standard mathematical error model of quantum error-correction. The essentials can be found in [6] for the symmetric case and in [14] for the asymmetric case.
Let C be the field of complex numbers. We fix an orthonormal basis of C q {|v : v ∈ F q } with respect to the Hermitian inner product. For a positive integer n, let V n = (C q ) ⊗n = C q n be the nth tensor product of C q . Then V n has the following orthonormal basis
where |c 1 c 2 . . . c n abbreviates
quantum digits of X-errors and, at the same time,
Note that an asymmetric quantum code with parameters ((n, K, d/d)) q is a symmetric quantum code with parameters ((n, K, d)) q , but the converse is not true.
III. A FLURRY OF RECENT RESULTS
First, a summary of results on the weights of MDS codes from [4] is reproduced here for convenience. 
In 
Then there exists an asymmetric quantum code Q with parameters
This theorem allows us to derive asymmetric quantum codes from codes belonging to the families q E and q H under their respective inner product. The main reason for this is the fact that the proof of the said theorem relies on the close connections between codes and orthogonal arrays established by P. Delsarte in [2] and explained in details in [7, Ch. 4 ]. Due to the combinatorial nature of the connection, the proof does not depend on the inner product associated to each family. Thus, C ⊥ 1 in the theorem can either be C
The result has been extended recently to include codes from the families q H + (even) and q H + (odd).
Theorem 3.2: [5, Th. 4.5] Let q = r 2 be an even power of a prime p. For i = 1, 2, let C i be a classical additive code with parameters (n,
there exists an asymmetric quantum code Q with parameters ((n,
With this result, we now know that codes from the four families in Definition 2.2 can be used in the construction of asymmetric quantum codes provided that the conditions set up in Theorem 3.1 or Theorem 3.2 are satisfied.
The 
This bound is conjectured to hold for all asymmetric quantum codes. An asymmetric quantum code Q is said to be MDS if it attains the equality of the bound. For error-detecting reason, it is usually required that d x ≥ 2, which we will follow in this paper. Here we say something about the case of d x = 1 for completeness. Let C be a linear MDS code with parameters [n, k, d] q for all possible values of k for which linear MDS codes are known to exist, given q and n. We can always use Theorem 3.1 with C 2 := F n q and
Let Q be a pure asymmetric quantum codes constructed by using Theorem 3.1. Then we know from [14, Cor. 2.5] that Q is MDS if and only if both C 1 and C 2 are (classical) MDS codes. Hence, we can immediately derive the following result treating the asymmetric quantum codes with K = 1.
Proof: Apply Theorem 3.1 with
IV. ASYMMETRIC QUANTUM MDS CODES WITH
Combining known results listed in Section III, asymmetric quantum MDS codes with d z ≥ d x = 2 can be derived for all parameters n and q for which classical linear MDS codes are known to exist.
Let us begin with a more general result. 
Corollary 4.5: Given positive integers q ≥ n > 3, there exists an asymmetric quantum MDS code for 1 < k ≤ n − 2 with parameters
Proof: This follows directly from Theorem 4.1 and Fact 2 in Section III.
Fact 2 in Section III also says that, excluding the case k = 2, a [q + 1, 1, q + 1] q -code D ⊂ C can be constructed by using any codeword u ∈ C of weight q + 1. Thus, the following corollary to Theorem 4.1 can be derived.
Corollary 4.6: Given q = p f ≥ 4, there exists an asymmetric quantum MDS code for 3 ≤ k ≤ q − 1 with parameters
We note here that it is not possible to derive a pure In the case of asymmetric quantum MDS codes with d z ≥ d x = 2, there is no gain from using codes belonging to the families q H + (even) or q H + (odd) which are not F q -linear. Similarly, if q is odd, letting α ∈ F q \ {0} with α r = −α,
Thus, d ∈ C ⊥tr . An alternative proof can be supplied as well by considering the weight distribution of the code and applying Equation (II.6) to find the weight distribution of its dual.
The results derived in this Section IV do not depend on the specific construction of the chosen linear MDS codes, only on whether or not they contain a codeword of weight equal to the length n.
V. ASYMMETRIC QUANTUM MDS CODES OF LENGTH
Shifting our attention to asymmetric quantum MDS codes with d x ≥ 3, let us recall some basic results on Generalized Reed-Solomon (GRS) codes. To construct a GRS code, one begins by choosing n distinct elements α 1 , . . . , α n ∈ F q and define α := (α 1 , . . . , α n ). Let v := (v 1 , . . . , v n ) with v i ∈ F q \ {0}. Let F q [X] k denote the set of all polynomials of degree less than k in F q [X]. Then, given α and v, a GRS code of length n ≤ |F q | and dimension k ≤ n can be defined as
by embedding, for fixed n, v, and α, it follows immediately that
By a slight abuse of notation, we can associate a polynomial f (X) ∈ F q [X] k with a codeword f , depending on α and v by employing the following bijective evaluation map
Let C be GRS n,k (α, v). If we choose the standard basis {1, x, . . . ,
Since any nonzero polynomial h(X) ∈ F q [X] k has at most k−1 zeros, wt H (h) ≥ n−(k−1). By the Singleton bound, we conclude that wt
is an MDS code with parameters [n,
It is well-known (see, for instance, [8, Th. 5.3.3] ) that the
In the case of q = r 2 , let v r := (v 
Let α be a primitive element of F q and let k be an integer with 0 ≤ k ≤ n = q − 1. Define α := (1, α, α 2 , . . . , α q−2 ) and v = (1, . . . , 1).
This code C can be extended by adding an extra coordinate entry
Seen as a q-ary BCH code with designed distance δ, an RS code C has a generator polynomial
with a ≥ 0 and 2 ≤ δ(= q − k) ≤ q − 1.
To prove the following general result, nested GRS codes will be used, while for the example illustrating the result for n = q − 1 and n = q we will explicitly construct asymmetric quantum codes from nested RS and nested extended RS codes.
Theorem 5.1: Let q ≥ 5. Let n, k and j be positive integers with n ≤ q, 2 ≤ k ≤ n − 3 and j ≤ n − k − 2. Then there exists an asymmetric quantum MDS code Q with parameters
Example 5.2:
For q ≥ 7, we have the following chain of nested RS codes
respectively. Let l and j be positive integers with l ≤ q − 5 and j ≤ q − 4 − l. Choosing
from Equation (V.5), we know that log q
For q ≥ 5, we have the following chain of nested extended RS codes
respectively. Let l and j be positive integers with l ≤ q − 4 and j ≤ q − 3 − l. Choosing
from Equation (V.6), it is easy to compute that log q
Remark 5.3: By puncturing nested RS codes D ⊂ C with parameters [n, k 1 , n − k 1 + 1] q and [n, k 2 , n − k 2 + 1] q , respectively, we can derive nested MDS codes D ′ ⊂ C ′ with parameters [n − t, k 1 , n − k 1 + 1 − t] q and [n − t, k 2 , n − k 2 + 1 − t] q , respectively, with 1 ≤ t ≤ n − k 2 . This allows us to construct asymmetric quantum MDS codes of lower lengths. The more general approach of using GRS codes is preferred since it eliminates the need to puncture the codes.
VI. ASYMMETRIC QUANTUM MDS CODES OF LENGTH
The construction is based on the following result. 
Proof: Let C 1 := C ⊥ q+1,k and C 2 := C q+1,k+2j . Then by Theorem 3.1 there exists an asymmetric quantum code Q with parameters
The asymmetric quantum code Q given in Theorem 6.2 above has K = q 2j , making log q (K) always even. In the case q = 2 m ≥ 4, we can do better. Proof: Let ω be a primitive element in F q 2 . Then α := ω q−1 is a primitive (q+1)-th root of unity in F q 2 . Following [4, Th. 8] , the code C q+1,2s generated by
Now, consider the polynomial
having two consecutive zeros. Combining the BCH and Singleton bounds, the code D ′ generated by g
Let θ be an automorphism on F q defined by θ(a) = a
for all a ∈ F q . Given their respective generator polynomials, to show that D and D ′ are equivalent, it suffices to prove that
Therefore, d(D) = 3. Using Lemma 6.3 and applying Theorem 3.1 with C 1 = C ⊥ E q+1,2s and C 2 = D, the following result can then be derived. Remark 6.5: Let q be odd and let α and ω be as given in the proof of Lemma 6.3. Consider the polynomial
that generates a [q + 1, q + 1 − 2µ, 2µ + 1] q -consta-cyclic code C as shown in the proof of [4, Th. 8] . It is not possible to construct a code D generated by any degree-one polynomial
must be of even degree since f (X) can only be constructed by removing the linear factors of g 3 (X) pair by pair. Removing only one linear factor of (X − ωα
VII. ASYMMETRIC QUANTUM MDS CODES OF LENGTH
As mentioned earlier, MDS codes of length q +2 are known to exist for q = 2 m , and k = 3 or k = 2 m − 1. Let α be a primitive element of To illustrate the various constructions discussed above, an explicit list of asymmetric quantum codes for F 7 and F 8 is provided in Table I . We exclude the case d z = d x = 2 from Corollary 4.3 and the case K = 1 from Proposition 3.4 for brevity. F 7 is chosen since F 5 does not give us many asymmetric quantum MDS codes and F 8 is selected since it is the smallest interesting power of 2 for our purpose. Explicit lists for other finite fields can be easily generated if so desired.
IX. CONCLUSIONS AND OPEN PROBLEMS
Based on known facts about linear MDS codes and their nestedness, we have constructed q-ary asymmetric quantum MDS codes for all possible lengths for which linear MDS codes over F q are known to exist.
If we consider the parameters of all theoretically obtainable nontrivial pure quantum MDS codes from our CSS-like constructions, we have the following summary and open problems: It is also shown that, given the construction specified in Theorem 3.2, it is not possible to get an asymmetric quantum codes with d z ≥ d x = 2 that beat the asymmetric version of the quantum Singleton bound stated in Equation (III.1).
